We study a new approach to the control of a quantum system S, which uses the coupling of S with a quantum probe P . The external control affects only P , and the accessibility and controllability properties describe to what extent it is possible to drive the state of S by varying the initial state of P and using the interaction between the two systems. In particular, we study the case of two-dimensional system and probe. Two situations are considered: either the total system S + P is a closed one, or it is surrounded by a bath of decoupled harmonic oscillators. We give results on the controllability and accessibility properties of this scheme, and we discuss the relation of these properties with the entangling capability of the interaction between S and P . In particular, we show that the SWAP operator plays a special role.
INTRODUCTION
The quantum theories of information and computation have been recently developed, which study the peculiar features exhibited by quantum systems, 1 in particular the non-classical correlations known as entanglement. These relevant properties could be exploited in the implementation of high performance protocols, leading to an highly improved speedup in the computational tasks. However quantum systems are fragile, because of their interaction with the external environment which leads to irreversibility, dissipation and decoherence, and destroys their appealing properties. In this context, it is important to study how it is possible to counteract the undesired action of the environment, and to actively influence the dynamics of a system. Control theory provides a framework for this kind of analysis . 2, 3 In this context, it is assumed that the dynamics of a system S depends on a set of parameters u, externally accessible, that can be suitably modified in order to opportunely influence the evolution of the system itself:
Here ρ S is the state of the system which in quantum mechanics is represented by a statistical operator in a convex set P S , γ(t, u) a multi-parameter (time plus controls) family of time-evolutions. The elements on the boundary ∂P S are rank 1 operators called pure states.
In the following we will consider the transitions that can be induced in the system by varying u in the set of admissible controls, U. In this study of controllability, it is customary to define the reachable set from ρ S at time t as R(t, ρ S ) = {ρ S (t, u)|ρ S (0) = ρ S , u ∈ U} (2) and some related sets, in particular the reachable set from ρ S until T,
and the reachable set from ρ S , R(ρ S ) = lim T →+∞ R(ρ S , T ).
Definition 1.1. The system evolving under (1) is called controllable iff R(ρ S ) = P S for all initial ρ S ∈ P S . From a physical point of view, controllability means that there always exists a choice of the controls u ∈ U such that transitions between arbitrary pairs of states are possible, at some time. An analogous definition is possible, restricting the attention to pure states.
Definition 1.2. The system evolving under (1) is called pure states controllable iff R(ρ S ) = ∂P S for all initial ρ S ∈ ∂P S . Definition 1.3. The system evolving under (1) is called accessible iff R(ρ S , T ) contains a nonempty open set in P S , for all T > 0 and for all ρ S ∈ P S . Therefore accessibility means that a system can be be moved in any direction in P S by a suitable choice of the controls u.
These controllability properties have been investigated for quantum systems, both isolated from the environment or interacting with it (see for example [5] [6] [7] [8] [9] ). A common feature of the standard control schemes is that the control is coherent, that is the parameters u enter the dynamics directly through the Hamiltonian of the system i.e. in the coherent part of the evolution of the system. It has been proved that, in general, the coherent control of open systems (i.e. interacting with the environment) does not lead to total controllability. 6 This is because the dissipative contribution usually introduces a fixed point in the space of possible states, thus limiting the ability of steering the system between arbitrary states via the controls. To overcome this problem, many schemes have been proposed in the framework of coherent control, based usually on the the use of a selective measurements that complement the controls (see for example 10 ). In several cases, the control is a function of the measurement outcome i.e. u = u(ρ S ). This quantum feedback exploits a selective, indirect continuous measurement, enabling stabilization and control on the states of the target system. 11, 12 Motivated by some experimental scenarios in which the system is not directly accessible, 13, 14 in this contribution we discuss a non-standard open-loop approach to the control of a quantum system, both open or closed. In our scheme the controls u do not enter the dynamics via the Hamiltonian of S, but through the initial state of an auxiliary system P , which then interacts with S, and it is discarded at the end of the procedure. We prove that it is possible to obtain total controllability in this setting. The Hamiltonian of S is not modified by u, then the control is called incoherent to distinguish it from the standard case. In this paper we shall consider the case of two-dimensional system and probe. More details about this approach and the results presented here can be found in. 15, 16 The paper is organized as follows. In Section 2 we study the incoherent control protocol under the assumption that the composite system S + P is a closed one, and give necessary and sufficient conditions for accessibility and controllability. Moreover, in Section 3 we discuss the relation between controllability and entanglement. In Section 4 we explore the incoherent control scheme when an external environment is present. In particular, we prove that the environment can represent a resource for controllability of the system. In fact, considering an exactly solvable model for environment, we prove that accessibility and controllability can be obtained for a system not accessible and not controllable if the environment is not present. In Section 5 we give some concluding remarks.
NO EXTERNAL ENVIRONMENT: S + P CLOSED SYSTEM
In the following, we assume that the two-level system S interacts with an initially uncorrelated two-level system P , called the probe. We denote by P P the convex set of all the states in P and by ∂P P its subset of pure states. We assume that the initial state of the probe can be modified by means of the control u, ρ P (u), and that, after the interaction, we neglect the probe. Therefore, we eliminate the degrees of freedom of P , and (1) becomes
where T r P is the partial trace over the degrees of freedom of the probe and X(t) = e −iHT t is the unitary propagator for the total system T = S + P . We denote by H T = H S + H P + H I the Hamiltonian of the composite system, and we assume that we have complete knowledge of this operator. Here H S and H P are the Hamiltonian operators describing the free evolutions of S and P whereas the interaction term, H I , represents their coupling. Evolution (5) is completely positive since it is the composition of completely positive maps.
It is possible to simplify the dynamics (5) by means of a Cartan decomposition of SU (4). 17, 18 In such a case,the operator X(t) ∈ SU (4) is written as a product of local transformations (that is evolutions acting separately on the two systems, generated by H S and H P ) and a non-local one. The latter depends on H I and it is the only term producing entanglement between S and P . Therefore, this is the part responsible for the controllability of the state of S through the state of P as, if H I = 0, there are no correlations between S and P . More specifically, according to the Cartan decomposition, every transformation in SU (4) can be written as
where σ S x,y,z and σ P x,y,z are the Pauli matrices for the systems S and P respectively. L 1 (t) and L 2 (t) are local contributions since they can be written as tensor products of operators acting separately on the S and P systems,
With this decomposition, (5) becomes
whereρ
, and we used the fact that operators acting separately on S and P commute.
Unless otherwise stated, in the following we shall assume that {ρ P (u)|u ∈ U} = P P , namely all the states of the probe can be achieved using the control. In this case, L P 2 (t) does not affect the controllability properties of the system, since its action can be reabsorbed via a suitable choice of the controls u. Therefore, without loss of generality, we will consider ρ P (u) instead ofρ P (t, u) in (8) and study the structure of the reachable set
Moreover, we observe that the local operations on S, as well, do not affect the controllability properties of the system. 15 Therefore, without loss of generality, we can consider the simplified time-evolution
The structure of this family of transformations is rather complex. In fact, the partial trace T r P removes the probe degrees of freedom, leading to an irreversible dynamics containing, in the general case, memory terms. Then this family of time evolutions is, in general, neither a group of transformations (since they do not admit an inverse) nor a semigroup (since they are not Markovian). Therefore it is not possible to use standard results of control theory to check for controllability, but it is necessary to directly compute the reachable sets R(ρ S ) under the dynamics (9), with u ∈ U. In the two-dimensional case here considered, this task can be performed.
The interaction is embodied in the 3 real constants, c x , c y and c z , that characterize the element of the Cartan subalgebra:
and its exponential can be evaluated as
where
To shorten the notation, we have used the definitions
Moreover, we find convenient to adopt a coherence vector representation for the states of the systems S and P , 14) and the real vectors s and p represent the corresponding states. It is meant that σ S,P are the vectors of Pauli matrices in the two systems. In this representation, the sets P S , P P are given by the two Bloch spheres
, however we prefer to write it in the form
where the real matrix
and the inhomogeneous part is
It is convenient to write the dynamics as in (15) since, in this representation, the reachable set from ρ S at time t is given by R(ρ S , t) = Γ (t, s 0 )(S P ) ⊆ S S . Therefore it has an intuitive geometric interpretation, as an ellipsoid centered at a(t, s 0 ), whose semi axes are given by the singular values of A(t, s 0 ). This ellipsoid expands and shrink in time, and its center moves along the curve { a(t, s 0 )|t 0}. The following theorems express the controllability and accessibility properties of S. They can be proved considering (15) jointly with (16) and (17) . 15 Theorem 2.1. The system S evolving under (8) is controllable and pure-state controllable if and only if there are k 1 , k 2 , k 3 
These are explicit conditions of controllability in terms of the interaction between S and P , since they involve the parameters c x , c y and c z defined in (10). However, it is possible to express this result in a different form. Using the relations (18) and fixing a timet = (2k 1 + 1)π/4c x we can compute α j (t) = ±e iϕ /2 in (11), with j = 0, x, y, z and ϕ a phase independent of j. All cases are locally equivalent to
This is the SWAP operator X sw satisfying
then we can equivalently express Theorem 2.1 as follows.
Corollary The system S evolving under (5) is controllable and pure-state controllable if and only if there is a timet > 0 for which X(t) is locally equivalent to the SWAP operator:
It is possible to prove that the controllability conditions are unchanged if we restrict the set of initial states in P to pure states, that is {ρ P (u)|u ∈ U} = ∂P P . 15 Finally, accessibility is characterized by the following theorem.
Theorem 2.2. The system S evolving under (8) is accessible if and only if c x = 0, c y = 0 and c z = 0.
We conclude this Section with some examples of interactions. We fix arbitrary units for c x , c y and c z . The isotropic (Heisenberg) interaction (c i = 1 ∀i) leads to accessibility and controllability under the incoherent control scheme, since both Theorems 2.1 and 2.2 are satisfied. While accessibility is guaranteed, an anisotropic interaction can give controllability or not, depending on the specific values of the parameters c i . For example, the choice c x = c y = 1, c z = 2 produces a non controllable evolution, whereas c x = c y = 1, c z = 3 is a controllable case. Finally, as an example of evolution that is neither accessible nor controllable, we can consider the Ising interaction (for example c x = c y = 0). In this case the reachable set at time t collapses to a segment and accessibility is lost.
INCOHERENT CONTROLLABILITY AND ENTANGLEMENT
In this Section we study the relation between incoherent controllability and entanglement. If H I = 0, the two systems S and P will become entangled, and this correlation is the relevant factor for the discussed protocol. This is true even if, at the end of the procedure, the probe is discarded, then loosing the generated entanglement. As we argued before, if there is not interaction between the two systems, the evolution is neither accessible nor controllable. Moreover, we proved that different interactions lead, in general, to different controllability properties and that total controllability can is obtained only under suitable conditions. We want to explore what is their on the entanglement capability of the dynamics. Since we have previously observed that controllability and pure state controllability are not modified if we consider only pure states in P , we limit our attention to initial pure states ρ S ∈ ∂P S and further consider ρ P ∈ ∂P P .
Given a pure state ρ in the composite system S+ P , we choose as a measure of the entanglement between S and P embodied in ρ (i.e. as entanglement monotone) the concurrency defined as ε(ρ) = √ λ 1 λ 2 , where λ 1 , λ 2 are the eigenvalues of the reduced matrix ρ S = T r P ρ. It is possible to prove the following properties of ε 19 : 1. ε(ρ) is invariant under local operations; 2. 0 ε(ρ) 1/2; 3. ε(ρ) = 0 if and only is ρ is a factorized state; 4. ε(ρ) = 1/2 if and only if ρ is a maximally entangled state. In the coherence vector representation
where s = T r(ρ σ S ). Therefore, for pure states, s = 1 if and only if ρ is separable, s = 0 if and only if ρ is a maximally entangled state.
Controllability means that every transition s 0 → s can be realized in the Bloch sphere, for all initial s 0 . Following the previous discussion, the set of unitary propagators {X(t)|t 0} appearing in (5) must contain operators that can create as well as destroy an arbitrary amount of entanglement. For a controllable system, this set must contain the SWAP operator, that is non-entangling since it maps separable states into each other. Therefore, this characterization of controllability does not seem directly related to generation of entanglement. However, we observe that, if the set of unitary operators in (5) contains an operator locally equivalent to the SWAP operator, it also contains operators locally equivalent to √ SWAP operator.
Corollary
The system S evolving under (5) is controllable and pure-state controllable if and only if there is a timet > 0 for which X(t) is locally equivalent to the √ SWAP operator.
The √ SWAP operator has important properties in terms of entanglement as we shall shortly see. In fact, it turns out that it is a perfect entangler (see Definition 3.1 below) and, moreover, it has a stronger characteristic property. In this definition, the initial factorized state is arbitrary at all. For further reference, we find convenient to introduce a subset of the set of perfect entanglers in which the initial states are specified. Definition 3.2. An operator X ∈ U (4) is called a perfect entangler for the set F ⊆ ∂P S if and only if, for all ρ S ∈ F, there exists a state ρ P such that Xρ S ⊗ ρ P X † is a maximally entangled state.
It turns out that the family of perfect entanglers for the set ∂P S is the local equivalence class of the √ SWAP operator and of its inverse * . 15 This establishes the desired relation between incoherent controllability and the entanglement properties of the system, that has been summarized in the following theorem. Another interesting result is that controllability can be expressed in terms of a finite set of specific transitions. In particular, we can say that the system S is (incoherent) controllable if and only if at somet we can realize the transformations q x → (0, 0, 0), q y → (0, 0, 0) and q z → (0, 0, 0) in the Bloch sphere S S , where q i , i = x, y, z are three orthonormal vectors ( q i · q j = δ ij ) such that
The choice of the states depends on the operator. We can summarize this in the following Theorem.
Theorem 3.4. The system S is incoherent controllable if and only if it is possible to perform the state transfers q x,y,z → (0, 0, 0) all at the same time, for the three orthonormal states defined in (23).
We conclude this Section observing that there are other sets of transformations which alone characterize controllability other than the ones in Theorem 3.4. For example, if we do not require that they occur all at the same time, we can take (in appropriate coordinates determined by the local part of X) (0, 0, 0) → (1, 0, 0) at t 1 and (0, 0, 0) → (0, 1, 0) at t 2 . It is possible to prove that these transitions are equivalent to controllability of the system. 15
S + P IN A BATH OF DECOUPLED HARMONIC OSCILLATORS
In the previous Section we characterized the controllability properties of S when the composite system S + P is a closed one. However, in general there is an external environment E affecting the dynamics of S and P , and then also the incoherent control scheme. Usually the environment interaction has a negative impact on the dynamics of a quantum system. However, considering a particular, standard model of the environment, we will prove that the environment induced correlations between S and P can be successfully used to obtain total controllability in the incoherent control approach. We consider the model of the environment described in. 20 E is given by a set of N decoupled harmonic oscillators with Hamiltonian
where b † i , b i are the creation and annihilation operators associated to the i−th oscillator and ω i its angular frequency. This is the bosonic bath model as N → ∞ and the considerations on controllability that will follow do not depend on N . We assume H T = 0, that is the composite system of system and probe, T = S + P , has no a free evolution. We assume a linear coupling between E and T depending on the positions of the oscillators,
where g i is the coupling constant of the i−th oscillator and A T an arbitrary hermitian operator in the Hilbert space of T . The evolution of a state of S is given by
where X(t) = e −i(HE +HET )t and S, P and E are all initially decoupled. The environment is in the thermal state ρ E . A T is a constant of motion since [A T , H E + H ET ] = 0, therefore it is possible to find the exact analytical expression of the dynamics. It is convenient to introduce the eigenvalues and eigenvectors of A T , A T |α i = α i |α i for i = 1, . . . , 4, therefore (26) becomes
where we introduced the functions
and
wheren i is the average thermal occupation number for the i−th oscillator. 20
To compute the partial trace in (27) we need to make some assumptions on the eigenvectors of A T . In the study of the incoherent controllability for this system, we find convenient to explore two opposite cases: either all the eigenvectors are factorized states in the Hilbert space of S + P , or they are maximally entangled states. By exploring these two extreme cases we will find examples of evolutions that are not accessible, accessible but not controllable or controllable. This last case will prove our claim that the environment induces incoherent controllability.
We first consider the case where the eigenvectors of A T , |α i , are factorized states, i.e. |α i = |α S k ⊗ |α P l with i = (k, l), i = 1, . . . , 4 and k, l = 1, 2, and the sets {|α S 1 , |α S 2 }, {|α P 1 , |α P 2 } are orthonormal bases in the Hilbert spaces of S and P , respectively. In this case equation (27) becomes
and initial states ρ S that are diagonal in the considered basis do not evolve. Examples of evolutions displaying this behavior are determined by interaction terms of the form A T = A S + A P or A T = A S ⊗ A P , where A S and A P are hermitian operators acting on the Hilbert spaces of S and P . It follows that in these cases S is neither accessible nor controllable, therefore a necessary condition for accessibility and controllability is that at least one eigenvector of A T is an entangled state in S + P .
We now study the opposite case, and assume now that all the eigenvectors are maximally entangled states, i.e. Bell states
in suitable bases {|α S 1 , |α S 2 } and {|α P 1 , |α P 2 }. In the coherence vector representation for the states in S and P , the dynamics (27) takes the form (15) , with matrix A(t, s 0 ) given by
Here, we have introduced the convenient notation
where the γ ij have been defined in (28), and s 0 = (s x , s y , s z ) represents the initial state ρ S .
Assuming that the initial state ρ P (u) can be an arbitrary state in the Bloch sphere of P , it follows that a sufficient condition for accessibility, which is generically satisfied, can be given in terms of the eigenvalues of A T , α i , i = 1, . . . , 4. In particular, it is possible to prove 16 that the system is accessible if
To find conditions for controllability is more complicate. In fact, the evolution of the reachable set can be quite involved and the condition R(ρ S ) = P S could depend on the parameters of the model in non trivial ways. Our goal here however is to show that it is possible to use the environment to have complete control over the state of the system. Therefore we will show that incoherently controllable evolutions are possible by exhibiting an explicit example. The simplest cases arise when R(ρ S ,t) = P S at some timet. 16 This can be obtained by choosing α 1 = α 2 = α 3 = 0 and α 4 satisfying
with k 1 , k 2i ∈ Z. Therefore, controllability can be achieved for an appropriate combination of the parameters defining the dynamics of the bath (the frequencies ω i ) and the parameters defining the interaction (the α j 's, j = 1, . . . , 4).
It is possible to prove that condition (36) defines a dense set in the set of parameters (ω i , g i ). Therefore, if it is possible to change some parameters in the bath dynamics (e.g. the intensity of the electromagnetic field in a cavity) they can certainly be tuned in order to realize an incoherently controllable system. In particular, standard values of the cavity parameters can be taken into account.
The crucial point to obtain controllability is that the interaction of the environment with the system T must have at least one entangled eigenvector. A physical example is given by two identical quantum dots, localized in different positions q S and q P , in an electromagnetic cavity, with a non-dipole interaction with the electromagnetic field. The position degrees of freedom, not involved in A T , can be used to distinguish the probe from the system and then to perform the incoherent control protocol.
CONCLUSIONS
In this contribution we have described a model of indirect control of a two-dimension quantum system S, that is a scheme relying on an auxiliary system P .
Initially, we have considered the idealized case where the overall system does not interact with its surroundings. In this case, it has been possible to derive necessary and sufficient condition for all of the relevant properties. We observe that the conditions expressing accessibility and controllability can be almost always satisfied, if we assume that the interaction parameters can be (even slightly) modified. Moreover, the relation with the generation of entanglement has been described, proving that a necessary and sufficient condition for controllability of the system S is that the entangling capability of the dynamics satisfies a kind of isotropy in the S state space.
After that, we have considered the case of S and P in interaction with a common environment E. We have shown by explicit examples that this interaction does not necessarily have a negative impact on the controllability properties of S. In particular, we have assumed that S and P do not evolve in absence of the environment, so their dynamics is only due to the interaction with E. In this framework, we have proved that the induced correlations between S and P are, in some cases, rich enough to allow total control of S through P . Even if a complete characterization of the impact of the environment on the controllability properties has not been obtained, the presented results show that it is possible to conceive control schemes relying on the environment induced correlations between two systems.
Numerical analysis prove that, in the cases where controllability is not guaranteed, there is a general enlargement of the reachable sets with respect to other open-loop control schemes. Moreover, as outlined in the previous sections, the combination of coherent and incoherent control methods should enable to set the interaction parameters on the desired values, thus leading to total control of the target system.
These results complement recent research on the creation of entanglement and suggests that further investigations of the control of a quantum system through its correlations with the environment will prove fruitful.
